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We are interested in solving highly overdetermined systems of equations
(or inequalities), Ax = b (Ax < b), where A € R™*" b € R™ and

m > n. Rows are denoted a/ .
X b

A




Iterative Projection Methods

If {x € R": Ax = b} is nonempty, these methods construct an
approximation to a solution:

1. Randomized Kaczmarz Method

Applications:

1. Tomography (Algebraic Reconstruction Technique)
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Iterative Projection Methods

If {x € R": Ax = b} is nonempty, these methods construct an
approximation to a solution:

1. Randomized Kaczmarz Method

2. Motzkin's Method

3. Sampling Kaczmarz-Motzkin Methods (SKM)

Applications:

1. Tomography (Algebraic Reconstruction Technique)
2. Linear programming

3. Average consensus (greedy gossip with eavesdropping)



Kaczmarz Method

Given xp-€ R":
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3. Repeat.
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Motzkin’s Method

Given xg € R™

1, Choose ix € [m] as
iy :=argmax |a]x,_1 — bil.

i€[m]
. by, —a] xx_1
2. Define x4 := x)_1 + k\|a-7k||23ik'
'k

3. Repeat. 6
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Our Hybrid Method (SKM)

Given xg € R"™:
1. Choose 7y—&1m] to be a
sample of size [ constraints
chosen uniformly at random
among the rows of A.

2. From_the (3 rows, choose
i = argmaxa) x,_1 — bj].

€Tk
3. Define .
bj, —a; xk—1
X := Xk—1 + g, T i

4. Repeat.
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Our Hybrid Method (SKM)

Given xg € R"™:

1. Choose Ty—&1m] to be a
sample of size [ constraints
chosen uniformly at random
among the rows of A.

2. From_the (3 rows, choose
i = argmaxa) x,_1 — bj].

€Tk
3. Define
bik 73,-7;)(;(71
Xk ‘= Xk—1 + Waik-
4. Repeat.
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Experimental Convergence
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Convergence Rates

Below are the convergence rates for the methods on a system, Ax = b,
which is consistent with unique solution x, whose rows have been
normalized to have unit norm.

> RK (Strohmer - Vershynin '09):

Uﬁwin(A) K
Elxi - x|3< (1 - 72 22) flxo - x|[3

10



Convergence Rates

Below are the convergence rates for the methods on a system, Ax = b,
which is consistent with unique solution x, whose rows have been
normalized to have unit norm.

> RK (Strohmer - Vershynin '09):

Uﬁwin(A) K
Elxi - x|3< (1 - 72 22) flxo - x|[3

> MM (Agmon '54):
O—%in(A) k
e = x[3< (1= 2222 ey — x3

10



Convergence Rates

Below are the convergence rates for the methods on a system, Ax = b,
which is consistent with unique solution x, whose rows have been
normalized to have unit norm.

> RK (Strohmer - Vershynin '09):

Uﬁwin(A) K
Elxi - x|3< (1 - 72 22) flxo - x|[3

> MM (Agmon '54):

O—%in(A) k
e = x[3< (1= 2222 ey — x3

> SKM (DeLoera - H. - Needell '17):

O—Eﬂn(A) k
Ellxe — x[3< (1 - 72220 xo — x|

10



Convergence Rates

Below are the convergence rates for the methods on a system, Ax = b,
which is consistent with unique solution x, whose rows have been
normalized to have unit norm.

> RK (Strohmer - Vershynin '09):

Uﬁwin(A) K
Elxi - x|3< (1 - 72 22) flxo - x|[3

> MM (Agmon '54):
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> SKM (DeLoera - H. - Needell '17):
0’2. AN Kk
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Why are these all the same?
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A Pathological Example

Because.

@Xp

11



Structure of the Residual

Several works have used sparsity of the residual to improve the
convergence rate of greedy methods.

[De Loera, H., Needell '17], [Bai, Wu '18], [Du, Gao '19]
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Structure of the Residual

Several works have used sparsity of the residual to improve the
convergence rate of greedy methods.

[De Loera, H., Needell '17], [Bai, Wu '18], [Du, Gao '19]

However, not much sparsity can be expected in most cases. Instead, we'd
like to use dynamic range of the residual to guarantee faster convergence.

_|[Ax — Ax||?

T Ak — Ax|12
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An Accelerated Convergence Rate

Theorem (H. - Needell '19)
Let x denote the solution of the consistent, normalized system Ax = b.
Motzkin's method exhibits the (possibly highly accelerated) convergence

rate:
T-1 2
2 Umin(A) 2
xr — x||2< 1 Tmind?V ) )
e = xi?< T (1- 2220 oo -
k=0
Here v bounds the dynamic range of the kth residual, v := A —Ax(?

T A AXE

> improvement over previous result when 4y, < m
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Netlib LP Systems
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Extending to SKM

Corollary (H. - Ma 2019+)

Let A be normalized so ||a;||2=1 for all rows i = 1,...,m. If the system
Ax = b is consistent with the unique solution x* then the SKM method
converges at least linearly in expectation and the rate depends on the
dynamic range of the random sample of rows of A, 7j. Precisely, in the
Jj + 1st iteration of SKM, we have

Bom; (A) 2
E‘r- . _oF 2< (1 _ min ) ¥
X1 = x*[|2< im 1% — x*[|2

P
where v; = =

2
() 1A+ xj=br |3

Tje([zl) HAzjj_ij H2oo :

15



Extending to SKM
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> A is 50000 x 100 Gaussian matrix, consistent system

> bound uses dynamic range of sample of 8 rows
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2. (A
MM 1—a§ni2n((A)) » 1— Zm(A) -
Bogin(A _ Tmin _ Omin
SKM | 1= [ 170 | daw | T
RK 1_ Tmin(A) m

Table 1: Contraction terms a such that E., |lex||*< aflex—1|]%.

Nervous? Yk > L2, (A) when A is row-normalized

m "~ min
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Gaussian systems
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Gaussian systems
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Gaussian vergence
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> A is 50000 x 100 Gaussian matrix, consistent system
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Generalizing the Convergence Result

> can immediately generalize to varying 8 (SKM with ()
> to generalize to non-normalized A, we need

e a sampling distribution that depends upon |/a;|?
e a sampling distribution that depends upon xx

Generalized SKM sampling distribution: py : ([gl]) —[0,1)

e t(7,x) = argmax,c,(arx — b;)?
greedy subresidual choice
O (7_ ) _ Haf(Tk,X}HZ
Px\Tk ZTg([m])Har(T.x)HQ
Bk
proportional to norm of selected row

20



Generalized SKM

Given xg € R":
1. Choose 74 € ([an]) according to py,_,.
2. Choose iy := t(Tk, Xk—1)-
. bi, —a] xx—
3. Define x) := x)_1 + kll:'l I)\(Qk 1a,-k.
'k
4. Repeat.
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b
. ) 7,
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Generalized SKM

Given xg € R":

1. Choose 74 € ([an]) according to py,_,.

2. Choose iy := t(Tk, Xk—1)-

. by, —a] x,_1
3. Define x) := x)_1 + klla' Ik
'k

4. Repeat.

aj, .

> If Bx = 1, this is the distribution in [Strohmer, Vershynin '09].

> If [[a;]|°= 1, this is the uniform distribution over ([an])
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Generalized Result

Theorem (H. - Ma 2019+)

Let x* denote the unique solution to the system of equations Ax = b.
Then generalized SKM converges at least linearly in expectation and the
bound on the rate depends on the dynamic range, i of the random

sample of By rows of A, Tx. Precisely, in the kth iteration of generalized
SKM, we have

ﬁk (gl)o-r%mn(A)
Ykm ZTG([ﬂmk]) Hat(ﬂxk—l) 12

Er, xi - x*|2< (1 - Ye—z = x|
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Theorem (H. - Ma 2019+)

Let x* denote the unique solution to the system of equations Ax = b.
Then generalized SKM converges at least linearly in expectation and the
bound on the rate depends on the dynamic range, i of the random

sample of By rows of A, Tx. Precisely, in the kth iteration of generalized
SKM, we have

ﬁk (gl)o-r%mn(A)
Ykm ZTG([ﬂmk]) Hat(ﬂxk—l) 12

Er, xi - x*|2< (1 - Ye—z = x|

> If all rows of A have the same norm, then

ﬂka-%in(A)

Er, e — x*P< (1-
‘ AR

T

22



¢/ |b
||2_HATkxk*1 _kaHgo @ 1

Ik = x*[[? = [|xx—1 — x*
||at(Tk,Xk—1)H2

N ey @t by casV Rl (i G el ot caltony ) et Gt edkts) oy el e, el o 5o
format by fr:Utilisateur:Steff, changed colors and font by de:Leo2004. (https://commons.wikimedia.org/wiki/File:Pythagorean.svg)

23



Sketch of Proof
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> proved a result which “easily” yields results which illustrate SKM
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> specialized our result to Gaussian matrices

> identify useful bounds on ~yj for other useful systems

> identify optimal /3 of systems for which 7 is known
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Thanks for listening!

Questions?
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